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Abstract

In this work, the methods of volume average and multiple scale expansion are employed to obtain one
macroscopic equation governing thermal dispersion in a rigid homogeneous porous medium. The structure of the
real porous medium is described here by a spatially periodic model. The theoretical longitudinal thermal dispersion
coefficient for a stratified system is compared with numerical data obtained from a random walk method, and good
agreement is achieved. © 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

In the macroscopic description of heat transfer in
porous media, the convection-diffusion phenomena (or
dispersion) in a porous medium are generally analyzed
using an up-scaling method, in which the complicated
local situation (the transport of energy by convection
and diffusion at pore scale) is described at the macro-
scopic scale. At this level, the dispersion can be charac-
terized by the effective thermal dispersion tensor.

There are several different ways of up-scaling for
dispersion in a porous medium: among others, the
method of moments [1], the volume average method
[2], the homogenization method [3] and the ensemble
average method [4]. In this work, we shall use the
volume average and homogenization methods to
obtain a one-equation model that describes the thermal
dispersion in a homogeneous porous medium.

There has been some controversy in the literature

* Corresponding author.
! Permanent address: Departamento de Ciéncia da Compu-
tagdo, Universidade Federal Fluminense, Brazil.

[2,5] regarding the applicability of one-equation models
to study the thermal dispersion in a porous medium.
One-equation models often assume that the fluid and
solid are both at same intrinsic average temperature
(T) = (Tﬁ)” = (T,)°. But as demonstrated below, this
condition is impossible to achieve for this type of situ-
ation. Nevertheless, it is still possible to derive a one-
equation model for the average temperature of the
medium.

How can this average temperature be defined for the
whole medium (that is to say, for both the f-phase
and the o-phase)? As the temperature is an intensive
property from a thermodynamic point of view, it is
justifiable to average an extensive property, the energy
(or more precisely here the enthalpy), rather than the
temperature because as we shall show further on, the
mean temperature deviations are not necessarily zero.
By replacing this condition with another, we can use
the volume average method to get a one-equation
model with a new effective thermal dispersion tensor
and closure problem.

In order to demonstrate the pertinence of the physi-
cal assumptions used in deriving the one-equation
model based on the volume average method, we prove
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Nomenclature

N

area
heat capacity

o
o

effective hydrodynamic dispersion tensor
thickness of solid

vector field mapping V(T) onto T8

vector field mapping V(T) onto To

thickness of fluid

total height of unit cell

enthalpy

identity tensor

thermal conductivity

effective thermal dispersion tensor
longitudinal coefficient of the effective ther-
mal dispersion tensor

characteristic length associated with the
microscopic scale

characteristic length associated with local
volume average quantities

outwardly directed unit normal vector
probability of passage

Péclet number

energy source

vector position

time

characteristic time for convection

tq characteristic time for diffusion

T point temperature

T spatial deviation of the temperature

u

v

% e TN LI O]

>l

NN‘U(Q;U'U I ~ ~ ;
2

o

velocity component in the x-direction
vector velocity
Vief reference velocity

V averaging volume
b spatial macroscopic coordinate
y spatial microscopic coordinate

Greek symbols

o thermal diffusivity

Vg ratio Sﬁ(pcp)/j/(pcp>

Dirac distribution
displacement due to convection
displacement due to diffusion
ot time step

ox spatial displacement

oy spatial displacement

€ scale factor (¢ = ¢/L)
€ volume fraction

p density

T tortuosity tensor

Subscripts, superscripts and other symbols
O()  order of magnitude

p fluid-phase

Pe fluid-phase entrances and exits

ity p—o interface

p—ac from the fluid into the solid

G solid-phase

ge solid-phase entrances and exits
o—f from the solid into the fluid

() spatial average

Of intrinsic -phase average
() intrinsic o-phase average

that the same result can be obtained using the more
mathematical framework of the homogenization
method.

Lastly, we compare the calculated values of the
longitudinal thermal dispersion coefficient with those
determined by a numerical experiment using the ran-
dom walks of thermions for the simple case of a strati-
fied medium for which the closure problem can be
solved analytically.

2. Governing microscopic equations
The transport of energy at the pore level is described

by the following equations and boundary conditions
for the fluid (f-phase) and solid (o-phase)

0T -
(pcP)ﬁW + (pCp)ﬁV/; “VTp=V- (k/;VT/;) (1)

0T,
Py, = V- (koVT,) %)
T/}:Ta atA/;a (3)
ﬁ/ga . kﬂVTﬂ = ﬁ/}a -k,VT, at Aps 4)

and with appropriate initial and boundary conditions
for Tg and T, at t = 0 and at the area of the entrances
and exits for the f-phase, Ag., and for the o-phase,
Age.

To describe the heat transfer completely, the
equations of continuity and motion have to be intro-
duced for the fluid phase. Here, we assume that the
physical properties of the fluid and solid are constant.
The hydrodynamic problem can then be solved inde-
pendently.
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3. Volume average method

To obtain the macroscopic equation, we use the
average volume method [2]. In this method, the macro-
scopic quantities are regularized spatial fields obtained
by spatial averaging of the microscopic quantities at
the pore level. In the literature, we see how these
macroscopic quantities, free of the fluctuations associ-
ated with the small-scale, can be obtained for ordered
and disordered systems from an appropriate choice of
weighting functions [5].

For practical purposes, we will use a spatially
periodic porous medium as model, ie. the whole
medium can be generated by translating a unit cell of
arbitrary shape in three independent directions of
space. For this reason, we shall use the usual defi-
nitions of the average volume method as we consider
only periodic systems here.

Two volume averages are employed in this paper:
the first is the phase average, defined by

1
W=7 | o )
Vg, o
and the second is the intrinsic phase average
W == || w0 ©
B, o - B, ol = .0
P T ! Vﬁ, o IV o JIVp o y

The first average is the quantity that appears in the
averaging theorem

1 .
(g} =V b+ 5 | U oine ™
Aps
or in the divergence form

1 -
<V.l///f,a> =V Wlﬁ 0)+?’J. ll//f,a'nﬁa d4 (®)
A

fo

for a yp ,, vector or tensor defined in the f or o
phase.

3.1. Average temperature of the medium

Based on the arguments described in the introduc-
tion, the average temperature of the medium is intro-
duced by averaging the enthalpy. Using # to
designate the enthalpy per unit mass, the definition of
the average enthalpy of the medium is clearly given by:

(PNA) = eppy(AHp) + epp, (A 6)° 9

with (p) = egpg+es0,-

Considering the calorimetric equation for each phase
(for example, #'p = cppTp) and postulating the same
type of relation for the whole medium, the average

temperature (7) is then defined by:

(X ep(T) = (pep)(T)

= gﬁ(pcp)ﬁwmﬁ + e(pp) (T5)". (10)
Requiring that the average temperature (7) is equal to
the temperature of both phases in the case of the ther-

mal equilibrium ((T/;)/f =(T,)°), we get the definition
of the heat capacity per unit volume:

(pep) = aﬂ(pcp)ﬂ—i—sa(pcp)g. (11)

3.2. Average equations

Applying the volume average method to Egs. (1)
and (2) in the case of a homogeneous medium for the
p-phase, we get

Tp)P B,
<af> v. (T,;vﬁ>> =V (epkpV(T)")

ad
(PCp)y (ﬁ

1
V.| kgl = fige Tp dA
- [”(VL%”B r )} (12)
1 -
+k/; - nﬁa~VT/;dA
V Aps

and, for the g-phase

g

(T,
(0e0) 5T = V- ek VAT,))

1 -
+V- |k, *J T, dA
[ (v ' )} (13)
+ k IJ nep - VT, dA
ol 7, Ngp - o -
4 Aps /

Let us now introduce the following decomposition for
the local velocity

Vﬁ = (V/;)ﬁ + V/; (14)

Using this equation in Eq. (12), we get
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a(Tp)P
8ﬁ(pcp)ﬁ( (af>

=V (epkpV(Ty))

1 - (15)
+ V. k[g 7J ngeTpdA
4 Aps
1 -
+ k/; (— J Npg VT/g dA)
|4 Aps

Here, we have used the fact that ((v5)#)# = (¥4)# and
also the fact that, due to the adherence condition for
the fluid in the Ap, interface:

+ (TR + V- (Tﬁ§ﬁ>ﬁ>

Vg - e dA = &gV - (vp)f = 0.
Ags

<V-§ﬁ):V~(Vﬁ)+Il/.J

In addition, let us define the pore-scale deviations for
the f-phase and the g-phase as

Ty = (D) + Ty, (16)

T,=(D+T, (17)
where (7) represents the spatial average temperature of
the medium. If we replace these deviations in Eq. (10),
we get the following constraint for the spatial devi-
ation temperatures

s/;(pcp)ﬁ(f[g)ﬁ + sa(pcp)a(fa)“ =0. (18)

One can now introduce the first decomposition (16) in
Eq. (15) to obtain

bl >
sﬁ(pcp)ﬁ(% + (vp)* - V(T))

1 o
=V. (8/;kﬁV<T>)+V- |:kﬁ<l_/JA ngs(T) dA>i|
po

1 -
+ kg —[ ngs - V(T) d4
V'3,
+V- |k lJ jig Ty dA (19)
v Ape
1 N ~
+k[; *J n/;a~VT/;dA
v Aps

_Bﬁ(PCP)ﬁ(({;ﬁ)ﬁ’V(fﬁ)ﬁ"'v’ <Tﬁ§ﬁ>ﬁ)

T5)P

0 ~
- 8/;(pcp)ﬂ(a—f + V. (8/;k/;V(T/;)/;).

Here, we have assumed that, as a first approximation,
(vg) = 0; but we do not consider that (TN:(T,;)“:O.

Since (T) and V(T) can be considered constant with
respect to integration over Ap, [2], they can be
removed from the integrals and the volume average
theorem can be applied to yield

" fzﬁamdA=m<[ ﬁﬁUdA>:_mvgﬁ:0,
JAps JAgs

J figy - V{T) dA = V(T) - (J figo dA)
Aps Aps

= —V(T) - Vg = 0.

Then we can write

a -
Sﬂ(pCP)B<% + ()" - V(T))
1 Lo~
=V. (elgkﬁV(T)) +V. |:k/5<l—/J nﬁ(,Tﬁ dA>i|
Aps

1 N ~
+ k/g — J ngs - VTg dA (20)
4 Aps

A Ty)P

7= \f
= ep(per)yV - Tyl = ep(pen)y =5

+ V. (SﬁkﬁV(Tﬁ)ﬁ).

A similar procedure can be followed to obtain the ana-
logous form for the g-phase

ad
aﬂ(pcp )o’ %

:v.(s(,kgvm)Jrv-[kJ(lJ ﬁaﬂfadAﬂ
4 Aps

1 R ~
+k, —J iiog - VT, dA
(V Aﬁg ﬁ )

NT,)°
at

— Ea(PCy), + V- ek V(T,)7). @1

Egs. (20) and (21) can now be added to obtain a single
equation
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0 -
<pcp>% +ap(per) ) - VAD)

=V |:(8/fk[7' + Saka)v(ﬂ
(22)

-I-MJ ﬁ/g fﬁdA —&p(PCp) V~(Tg17 )ﬁ
v 4 P)p BV
Aps

+V - (epks VTP + ko V(T,)° )

where we have taken into account the boundary con-
ditions (3) and (4).

3.3. Closure problem

To derive a governing equation for f/;, we begin by
using the decomposition equation (16) in the micro-
scopic equation (1) for the S-phase

a7y I 5
(Peo)y 2+ () ¥ - VI = V- (kﬁVTﬁ)
b9t b (23)

a(T) -
= (), — ()T VD 4V (kYD)
and the pore-scale boundary conditions become

f/j = Tg EltAﬁl7 (24)

ﬁﬁa . k,;VT,; = ﬁ[;g . kgiG + fiﬁa . (ka — kﬁ)V(T} @5
at A[gg

In this study, we shall consider that the time scales as-
sociated with the pore-scale equations are much smal-
ler than the time associated (r*) with the average
equations

(PCp)y ﬁ

1
o <

and

(PCp)y ﬁ

1
ke 1 <h

where £y and ¢, are the length scales associated with
the pore size (~¢). This allows us to consider the clo-
sure problems as quasi-steady

(Pep)y¥p - VT = V- (kﬁVfﬁ)
(26)
_ a(1) )
= =)y, — (<o) - V(D + V- (kg V(D).

Now using the average equation (22) to express the

term a(7T)/dt,

(PCp )p‘jﬁ VT

. pe .
= v (kyvy) + %{sﬁ(pcp)ﬁwm" V(1)

(p
-V. |:(3/fk/f + &5k ) V(T)

)

v J ﬁ[ggf[g dA + s,;k,;V(T,;)"
Aps

+ 80k5V<7~})”:| - 8/;(pcp)ﬁV~ (]N‘/;U/;)B}

— (pCp)ip - VAT) + V- (kg V(D). 27)

From the pore-scale boundary condition (25) we can
estimate the order of magnitude of the deviations as

s 0 eﬁ,o’(T)
T/;“J_C(/(—L ), (28)

where L is the distance over which significant vari-
ations in the averaged quantities occur. The analysis of
the order of magnitude of the different terms in Eq.
(27) [2] shows that,

iy VT = co(”f; :ﬁ ) (29)
ep(vp) - V(T) = 6(%) (30)
vﬁ.vm—(y<%ﬁ3>, 31)
gV - (vpTp)f = (9(%) (32)

Since the constraint on the length scales requires that
£g o < L, the last term can be dropped relative to the
other three terms. Furthermore, from the other terms

. ks T,
V- (kgvTy) = a(%) (33)
B
kg, o T,
V- (65,0 kp o V(D)) = @(“) (34)
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(k[)’ - ko’) > 5 _ (kfﬁ)
V- [# JA/M n,ggT/; dA| =0 E N (35)
V- (kpV(T)) = w(i{%") (36)

. kp. o(Tp. o) °
v (s/;, o kg, oV(Tp, o) ) = 6(%) 37)

and the last four terms can be neglected with respect
to the first. Therefore, removing these terms, the
equations and boundary conditions for the tempera-
ture deviations become

(pCP)[;Uﬁ VT

ep(PCp) g e )ﬁ}

=V (kﬁVfﬁ) = (Pep)y |:‘7/3 T ey

V(D) (38)
f/j = Tg EltAﬁ,7 (39)

ﬁﬁa . k,;Vf“,; = ﬁ/ja . ko-Vj—'o- + ﬁﬁg . (ka — kﬁ)V(T} @0
at A[gﬂ

The same can be done for the o-phase to obtain

p(PCp)g
(pcp)

0=V-(k,VT,) + (pcp){ i|<17ﬂ>ﬁ -V(T).  (41)

There are some macroscopic source terms involving
V(T) in these equations. So a closed form of the Eq.
(22) can be obtained if the deviations are represented
in terms of these macroscopic terms:

Ty=71-v(T) 42)

T,=g-V(T) (43)

We now introduce the deviation representations (42)

and (43) in the deviation equations (38) and (41) to
obtain

(pCP)[j‘_;/} ’ (Vf)

ep(PCp) G )ﬁ:| (44)

= V<kﬁVf') — (P, |:‘7/3 T gy

R ep(p¢ .
0=V-(k,Vg) + (pcp)a|: ﬁ((pc:))ﬁ i| (p)f (45)

-

f=§ atdy (46)

kﬁ ﬁﬁﬂ' : (Vf) = kzr ﬁ/?a . (V§) + (kg — kﬁ)ﬁﬁa

at A/fz,-

(47)

Introducing these representations in Eq. (22) gives the
macroscopic equations for the one-equation model:

ad -
<pcp>;—? +ep(pep) () - V(D)

=v. (iffvm). (48)

In this equation, the effective thermal dispersion tensor
is given by

?eff = (S,gk/; + Sﬂka)? + Sﬂkﬁ%ﬂ =+ Sak(,%a
- s/;(pcp)ﬁﬁ, (49)

and the second-order tensors Ty, , and D by

_ 1 - ya
Th, 6 = J ngg, U/gf dA (50)
Vﬁq o JAg,
= 1 L=
D= 7J. V/?de (51)
V[)‘ V/I

In obtaining Eq. (48) the last two third-order terms in
(T) in Eq. (22) have been neglected.

The solutions to the two closure problems (44) and
(45), the vectors f and g, can be obtained within about
a same constant. Nevertheless, this constant is very im-
portant for evaluating the effective thermal dispersion
tensor. This indetermination has to be removed using
Egs. (42) and (43) in Eq. (18)

0 = [ep(oer), (" + eotoer), @7] - 9(D) (52)
and therefore
ep(pep) N + 2o (pey), (@) = 0. (53)

An important point must be emphasized here. This
new closure does not require an absolute local thermal
equilibrium, ie. (/¥ = (g)° = 0. Moreover, the _exact
value of the disequilibrium, i.e. the values of (f)’ or
(g)° related by Eq. (53), play a role in determining the
thermal dispersion tensor.

Now as a demonstration of the exactitude of the
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above approach, we will prove it using the classical
homogenization technique.

4. Homogenization method

As we already know, two length scales are associ-
ated with this problem: the macroscopic length L as-
sociated with the dimension of the porous medium, i.e.
the distance over which significant variations in the
averaged temperature occur; and the microscopic
characteristic length ¢ associated with the pore size,
which is of the same order of magnitude as the peri-
odic cell dimension. The mathematical procedure
employed here is a multiple scale expansion [3], and we
shall apply it to up-scale the thermal dispersion in the
porous medium. The procedure developed here is simi-
lar to that one employed by Bloch and Auriault [6] for
heat transfer in non-saturated porous media. For this
purpose, two independent coordinate systems are
introduced, x for the macroscopic scale and y for the
microscopic scale. This assumes that the ratio ¢ = £/L
is small.

Let us now introduce the dimensionless form of Egs.

(1)—(4)
d T/;

—%k _ *2

L Pe ¥, VT = VT (54)
aﬁaTG 2

——— = V*T, 55
Y o (55)
Tﬁ:Tg atAﬁg (56)
K5 (9 Ty) g = (V' T,) g at 4 57)
k, B po = 4 po po

Here, * = agt/€%, Pe = vetl/og is the Péclet number,
VZ = Vp/Vier Where ver is a reference velocity character-
istic of the average fluid velocity, and V* = ¢V. In the
following, we shall consider that the ratios of heat con-
ductivity (kg/ks) and thermal diffusivity («p/o;) are of
the order of magnitude O(1).

Due to the separation of scales, we define two
dimensionless variables x* = x/L and y* = y/{ associ-
ated with the macroscopic scale L and with the micro-
scopic scale, respectively. Since the two space variables
x and y are independent,

V=V =¢((V,+V,) = e(zvx + zv})
=cVi+ Vi (58)

We also consider here that two time scales are associ-

ated with the thermal dispersion macroscopic problem
at the macroscopic scale: one time scale characteristic
for convection (L/vef) and another for diffusion
(Lz/ocﬁ). Thus, %

Veet opl
zj:% and G =75 (59)
leads to
ad a
— —gPe— + €2 60
o ¢ eaz§+€ aty’ ©0)

and we must look for T(x*, y*,r%, £}) verifying

a7, a7,
ﬁ+€2 B

P
T ar

+ Pe vy (ViTg + ViTy)

= (V; + (Vi) . (V:T/; + CV:T[g) (61)

T, T.
%(cPea ? —I—cza G)
ao’

ark ar]
= (Vy +eVy) - (V3 To +€ViTy) (62)
and
Ty=T, atdp (63)

k , ,
k—’f(v; Ty + ViTy) - iigy = (ViT, +€Vil,) - iigg

o (64)
at A[jg

Different results may be obtained depending on the
order of magnitude of the Péclet number Pe [3]. For
Pe = ((¢") with n>2, the homogenized equation is a
conductive equation with the equivalent classical con-
ductivity of the diffusion problem for a two-phase sys-
tem. For Pe = 0O(g), to the preceding equation a
convective term corresponding to the average move-
ment of the fluid (f) phase must be added. For Pe =
O(&") with n< — 1, the multiple scale method is unable
to provide a homogenized behavior. The most interest-
ing situation is Pe = O(&°).

It can be easier to work with dimensional variables,
with the recalling the order of magnitude of the differ-
ent terms. Hence,

Ty ,0Ty .
Ca—tC+C E—FV[;(V}T’;-FCVXT[;)

= (Vy + 6VX) . [O(/;(V}TTﬁ + 6VXT/;)] (65)
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AT, 9T,
“or. T on

= (Vy+Va) - [06(Vy To + Vi T5) ] (66)
and
Tp=T, atAp (67)

k/;(VyT/} + EVXT/}) . ﬁ/;a = kU(V_},-T,, + €VxTa) . ﬁ/},,—
(68)
at Aﬁg

The spatially periodic velocity field v is dependent
only on the y variable, and is divergence-free (incom-
pressible fluid)

V, ¥ =0. (69)

Here, it is assumed that the temperatures can
be expanded in the form of an asymptotic expansion
ine

k=00

Ty, y. tes ta) = D THx. Y. e, La), (70)
k=0
k=00

To(x.pstes ta) = DT . e La). (1)
k=0

At the order ¢°, T% and T should satisfy

VT =9, (49, T5) (72)

0=, (V1Y) (73)

and

TH=TY) atdg, (74)
0 = 0 7

kﬁ (V}’Tﬂ) cNpe = ko (V_VTg) “Ngg - at Aﬁ“ (75)

along with periodic boundary conditions at the edge of
the unit cell. The solution to the above problem is sat-
isfied by

T%(x, Vs tes ta) = TUx, p, te, ta) = TO(x, te, ta). (76)

From the work of Auriault and Lewandowska [7]
this condition, Eq. (76), means that a relative local
equilibrium is met as a first-order approximation of
the temperature. The authors consider that there
exists a local non-equilibrium if this result is not
obtained.

The next order, ¢!, yields

aaTtCO e (VV"TE * VXTO)

=V, [u(VTh+vT")] (77)
aTo i 0
A [2(9,7} 4+ v.7°)] (78)
and
Typ=T. atAg, (79

kﬁ(v\vT}g + VXTO) . ﬁﬂo'

= ko (VT L+ V.T°) i (80)
at A[;,,—

with periodic boundary conditions in y at the unit cell
boundaries.Taking the volume average over the unit
cell (V="VgUV;) of Egs. (77) and (78) and adding
the results leads to

AT 1 -
—J (PCh) V8 - (vyT;g + VXTO) dav

() o +
PO 5 TV ),

=0, (81)
where (pcp) = ep(pep)p+e4(pcy), 1s the average heat ca-
pacity per unit volume of the medium.

As Vg-V, T = V,-(4T}) and vy and T} are
spatially y-periodic, with the no-slip condition on Ap,

T’ -
(pep)= =+ en(pep) () - VT =0 (82)
C

and we see that at the first order the transport at the
macroscopic scale is only convective.

Using this equation to replace the transient terms in
Egs. (77) and (78), we obtain

(pcp)ﬁﬁ/; . V}.T'ﬁ

ooy
= Vy . (k/}V}T;;> — (pCp)Le |:V/)> — ( p)ﬁ (Vﬁ)ﬁ:|

{(pcp)
v, T° (83)
and
0=V (k v T‘) SO | = g
=V KoVl g )+ (p6), (pep) Op)
-V, T (84)



C. Moyne et al. | Int. J. Heat Mass Transfer 43 (2000) 3853-3867 3861

with the appropriate boundary conditions given by
Egs. (79) and (80).

This problem, Egs. (83) and (84), is similar to the
one encountered in Section 3.3, and we propose the
solution in the form

Th =) VaT (% 1o 1) + T, 10, 14), (85)
Th=28@) VaT (x, tes ta) + T'(x, le, La) (86)

where f and g are solutions of the problems (44)—(47)
with periodic boundary conditions over the edges of
the unit cell. It is interesting to recall that f and g are
determined within about the same constant and, as we
show further on, the determination of this constant is
important for the calculation of the thermal dispersion
tensor.
Lastly, at order €2, we have

aTL 870
LA ~<VAT2 v T‘)
97, + e + vp vl g+ Vily

= V}' . I:O(ﬁ(V}Tlg + VxT}j):I + VX : [O(ﬂ(vyT/l;

+VXT°>] (87)
Tt = (e )]
¥ Vx[oca (vyT g vxTO)] (88)
and
T;=T; atdg (89)

ko (VT + 9,17 ) - ige
= ko (VT 49, T2) gy at Ay, (90)
In order to find the average equation at order €2, we

take the volume average of Eqgs. (87) and (88) and add
the results:

NThH aT° 1 - )
<.Dcp)( FTR + 731‘,5 + ? ‘[V/;(pcp)ﬁ\)/; . (V},Tﬁ

coryar= L[ (5 e

+ViTh) |+ Vo [l (W T+ 070 ]} av Oon
+ %Jyﬂ[vy [ko(wr2+ver))]

+ Vo [k (VT + V1) |} av
where
(pep)(T1) = ep(pep) (T )P + eo(pp) (T 5)° ©2)

Using periodic conditions and the no-slip condition
over Ags, it is easy to show that

HTYHY aT° 1 . .
<pcp)< o, ' ong +I_/JV,;(pc")/fv”'vxT/3dV:

Il/Jyﬁ Vo [kg(V T+ V) v

%93)
+ IL/JV Ve [k (V7! +9.70) Jav.

Using (85) in the second term on the left-hand side,

1 z 1
7], v vriav

1
- v, - (T'* ) av
= &p(Pcp)y Vi - (T}ﬁ/;)ﬂ

. -1 .
= ep(PCp)y V- ((vﬁfﬂf VT4 T (vﬁ)ﬁ) (94)
and, for the other two terms,

1
- Vr-[k v, T+ v, T° ]dV
VJV/f ) ﬁ< ! ﬁ+ ’ )

-V, {[sﬁkﬁ((v}]‘)/’ +?)] : VXTO} (95)

L, o felsrtenar

—V,- {[gakr,((v),g)“ + 7)] - vxTO} (96)

the average equation at order ¢? is
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T AT
W( <atc>+z7d>

S 2 =1 -
+ &5(p¢p), Vi - ((W)f" SV, T+ T (vﬁ)/’)
(PCp)y 97)
=V,- [[(8/3k/1 + Eakaﬁ-i— ephp(Vyf )P
+ aakgw},;}y’] : VxT()].
Lastly, the average transport equation (exact at the

order ¢?) can be obtained by adding Egs. (82) and
O7):

12,270
c o), 94
Pé at. a1t. dlq

+ blf(pcp)ﬁ(‘_;/fw ° vx(éTO + 62T1)

=V, {I:(Sﬁk[j + aaka)?—k eﬁkﬁ(V\,f)ﬁ (98)
+sakg<v},g*>“] 'CZVXTO}
+ Vo [enocr), 51 | - V.0,

But we know from Egs. (85), (86) and (92) that

1 - -
(1) = m(sﬂ(pcp)ﬁmﬂ + e0(pp), (@)

VT4 T, (99)

and we can remove the_}unknown constant in the sol-
ution to the problem in f and g by requiring that

ep(pep)p 1)+ ea(py), (@) = 0. (100)
At order ¢?, the average temperature is given by

(TYy=T" + «T"y=T° + ¢T' and the macroscopic
equation is given by

T R
<Pcp>% +ep(pcp), () V(T)

—-vV. (iff . V(T)) + 0(), (101)
where
Kot = (epkp + ek )T+ gk (V)P + ek (V,8)°
— ep(pCp), (/) (102)
We remark that the two methods (volume average and

homogenization) lead to the same macroscopic average
equation and closure problems.

5. Results for a stratified medium

Here, we make use of the analytical results for the
closure problems for the fully developed flow field
between two plates in order to validate and compare
with the results of a numerical experiment obtained by
the method of random walks. The associated unit cell
is represented in Fig. 1, and the flow in the f-phase
corresponds to Poiseuille’s flow.

For the longitudinal coefficient in our case (see
Appendix A) we find

17 9 v}
Ko =k + S%Pezk"[m -3+
ol —1 2
L =) (e , (103)
12 o \ €8

where k| =(egkg+e5ks), Pe is the Péclet number

WwPH WP+ e)
Pe = =
0(/1 op

(104)

and yg=¢p(pcy)p/{pcp)-

As we have considered in Section 4, op/o, is of the
order of magnitude (1) and Eq. (103) is not valid for
o = 0. The only way to obtain a result for k,—0 is to
make (pc,),— 0. In this case, where yp—1 we have the
classic expression for the longitudinal coefficient.

5.1. Random walks

In this method, the individual trajectories of con-
vected and diffused thermions are calculated. A ther-

y v
’ """"""""""""""""""""""""""""" } L))
____________________________________________________ __()
W —— L2t se2
e "7

Fig. 1. Unit cell for parallel flow between two planes.
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mion is a particle without mass that has a certain
quantity of energy (enthalpy), as introduced by
Batycky et al. [8] to designate a thermal tracer. The
particles are characterized by their positions in space
at a given time. Our goal is to calculate the first three
moments for the displacement of a large number of
thermions emanating from a localized source. From the
literature (see, for example, [9,10]) we know that the
total moment of order zero, M), is constant and rep-
resents the total quantity of energy released in the
medium, that the first moment represents the average
position of the thermions

N +00 400
MI:J J Fpeo)(T) dx dy, (105)

—00 J —00

and that the second moment describes the spreading of
the thermions

— +00 p+00
M, = J J FF{pep)(T) dx dy. (106)

—00 J —00

At the limit as time approaches infinity, from Eqgs.
(48) and (101), the time derivate of the first
moment is the mean interstitial fluid velocity multi-
plied by y;

i aM, . dM,
m = lim ——
141>oo dr 141>00M0 dr

= y5(7p)” (107)

and the time derivate of the centered second
moment, M,, is equal to twice the effective thermal
dispersion tensor divided by (pcp)

ﬁ d (== Sk ok K'e
lim —— = lim—(Mz—MlMl):2 T a0g)
t—oodt (pcp)

At time t=0, a large number of thermions is
released, randomly distributed, at position x =0,
which means an impulse of heat equal to
00,-00x—0. At each stipulated time step or the pos-
ition of each thermion is updated by adding a con-
vective displacement and a random diffusive one

Rt +01) = Ti(t) + 0, + 07, (109)

where 7; is the vector position of the ith thermion,
8; =Vvg(¥;)dt is the displacement due to the convection,

~d
and ¢; due to the diffusion.

The velocity vg(r;) is obtained from the analytical
solution of the Poiseuille flow

N2
u:(u)ﬁ[%—é(%> } (110)

For the diffusion, we have chosen to make alternate

displacements parallel to the x and y axis. This tech-
nique consists in moving the thermion, for a given time
step d¢, first to the left or right in the x direction, and
then up or down in the y direction in the next time
step. At each time, the probability of a move to the
left, right, up or down is chosen randomly. The magni-
tude of the displacements are constant and are given
by

5,\‘/;1 ¢ = 5)/& ¢ = 2\/06/;, -OL. (111)

The choice of f or ¢ depends on whether the thermion
is in the fluid (S-phase) or in the solid (o-phase).

Whenever a wall collision occurs, a probability of
passage into the solid (or fluid) is assigned to the
particle. From the results of Appendix B, the prob-
ability law of passage into the solid phase is given
by

bs
=T 112
Pp by + b (112)
and into the fluid phase
b/;
= 113
P8 =5 %, (113)

where bg ,=./(p¢p)g okp, o Further, the magnitude of
the displacement should change as the particles cross

the interface.

When a thermion is in a position to cross an inter-
face, it is stopped at the boundary between the f and
o phases before the passage probability is determined.
If a randomly chosen number is less than the prob-
ability p, (or pg), then the particle will penetrate the
solid (or fluid). Otherwise, it makes an elastic rebound.

<
= i
-8y
B B o
1 32 3
SRR SRR ®----- P----- * - ---

Fig. 2. Wall collision: (1) initial position, (2) at the boundary,
(3) passage to the g-phase and (3’) elastic shock.
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Table 1

Thermal conductivity coefficient K., /kg for ¢g = 1

Theoretical Numerical Error%
Pe Kxx/k/f Pe K\’x/k/f

1.0 1.01 1.00 0.99 —1.98
5.0 1.12 5.01 1.09 —2.68
10.0 1.48 10.01 1.43 —3.38
50.0 12.91 50.07 12.78 —1.01
100.0 48.62 100.14 48.46 —0.33
500.0 1191.48 500.69 1193.61 +0.18
1000.0 476291 1001.38 4774.34 +0.24

But the displacement time must be conserved. So for a

particle that has spent a time step 6[,} to reach at solid

wall, a fraction of time d1g, must be added:
/7

0y52

40(ﬁ ’

dtgs = 0t — Oty = Ot — (114)

where 5y/; corresponds to the displacement in the time
interval 0.

This time will allow the particle to make a displace-
ment equal to

0ye = 24/ 0s01p4 (115)

if the passage occurs, and

5)//; = —2\/()(/;5”1(, (116)

in the case of an elastic shock, as illustrated in Fig. 2.
5.2. Numerical data

The tested cases studied here have been realized for
the following physical characteristics: (pcp)y =
40x10°T m> K\ kg=06 Wm' K, (pcp), =
20x 10 I m~ K™ and k, = 1.2 W m™" K~'. These
parameters are approximately consistent with a system
of water and glass. For the unity cell we take a unit
length and height.

In order to check the exactitude of the numerical
results for the random walks method, as very few cases
can be solved analytically, we have used the well-
known result for the planar Poiseuille flow between
two insulated horizontal walls separated by a gap / for
the simple case of a stratified medium. For this case,
eg = 1 and the effective longitudinal coefficient is given
by

Ky Pe?
— =14 —= 117
kﬁ + 210 (17

All the numerical results have been calculated with
15,000 particles, for a dimensionless time 7*(t* =
apt/H 2y=2 and for a dimensionless time step &¢* =
0.4 x 1074, Here, the Péclet number and the coefficient
K, are both obtained by linear regressions whgg
the linear process is reached for the first moment M,
and centered second moment M, as function of
time. In Table 1, we show the results obtained for
eg =1. As we can see, good agreement is achieved
between the theoretical values and the numerical
results.

In the Fig. 3, the calculated values of the longitudinal
thermal coeflicient K/k; are presented for a stratified

__*—-—*""*__'

— ¥

g - —K— ¥ TS

0 —— Pe=100
10" 7 = Pe=500
— — Pe=1000

* Numerical

0 0.2 0.4 0.6 0.8 1
Volume fraction

Fig. 3. Longitudinal thermal dispersion coefficient K/k; for
a stratified medium.
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medium as function of the volume fraction &g, and for a
dimensionless time approximately equal to 1. These
results were obtained for three different values of the
Péclet number (100, 500 and 1000) and for the same par-
ameters as those used in the test case, except for the
number of particles and dimensionless time step, which
are 30,000 and 0.25 x 10~ here. The numerical results
agree quite well with the theoretical prediction of our
model for this case. The numerical method of random
walks gives the longitudinal coefficients with an error
of less than or equal to 3% relative to the theoretical,
except for a volume fraction of 0.9, where the error
reaches 4.2% for a Péclet number of 1000. This is
probably due in part to the small thickness of the solid
phase. To overcome this difficulty, a much smaller
time step than 0.25 x 10* would have to be used,
along with a greater number of particles.

In this paper, we are mainly interested in showing
the validity of the one-model equation developed here,
and the versatility of the random walks method. More
sophisticated unit cells can be considered, with a hy-
drodynamic problem governed by the (Navier—)Stokes
equations, and such developments are currently under-
way to generate numerical data in more complex situ-
ations.

6. Conclusion

The thermal dispersion in a spatially periodic por-
ous medium has been investigated using both the
method of volume averaging with closure and the
method of homogenization in order to obtain a one-
equation model. Both methods agree in deriving the
same closure problem for calculating the macroscopic
effective thermal dispersion tensor K. The important
point to be outlined here with the volume averaging
approach is that the f-phase and the o-phase of the
medium cannot be in absolute thermal equilibrium
((T,;)/‘;A(T,,Y’) even though a steady-state closure is
assumed.

In order to test the wvalidity of the above
approach in a simple case (stratified medium), the
results of a numerical experiment using the random
walks of heat particles (thermions) are compared
with the calculated macroscopic effective thermal
dispersion tensor obtained with an analytical sol-
ution for the closure problem. Very good agreement
is achieved.

This study clearly demonstrates the validity (and
also the limitations) of the one-equation model for
describing the thermal dispersion process inside a por-
ous medium. The random walk method seems to be a
powerful tool to obtain the macroscopic effective ther-
mal dispersion tensor numerically and can be applied
in the case of more complex geometries.
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Appendix A

For the one-dimensional unit cell shown in Fig. 1,
the closure equations are

a1
Jx - . /}
a7 = 5 (1= a’) (A1)
and
d?g, 1

x_ b B A2
dy’ 10yﬁ<u> (A2)

where 75 =ep(pcy)g/{pcy) and ap - =kp o/(pcp)g , are
the thermal diffusivity of the  and ¢ phases.
After integration, we have

.2 3 v \/(Yy 2] Y !

and

. 2 N 2
g. = —¢} Pe H[“" (‘i") @<y—> +B:| (A4)
g \ &g 2 \e

where Pe = (zt)ﬁH/aﬂ is the Péclet number and H =
h + e is the total height of the unit cell.

From the boundary condition at the f—o interface
for y = —h/2 for the f-phase and y’ =¢/2 for the o-
phase, we obtain

7 g (& 2 5
A4 B= Bl M B\ 2 AS
+ 8[ ag(sﬁ>} 32 (A3)

Now if we take the intrinsic volume average of f, and g,

9 Y
B _ .2 _1B
(/) =&} Pe H<160 u +A>, (A6)
(@ =2 ped| L7 (P2 1 p (A7)
: b 24 0, \ g

and use these results in
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gﬁ(pcp)ﬁg:\’y; + ﬁo(PCp),,(gx)g =0, (AS)
we get
ep(Pep)pAd — £a(PCp), B

B9 Vg g [\
= gﬁ(pcp)ﬁ(ﬁ - @) + Sa(ﬂcp)aﬂa—a<g> :

The value of 4 can be obtained by solving the system of
equations (AS5) and (A9)

5 9 'V/% Vﬁ(l—Vp)a/; &g 2
P (g 0 Y VN 1)
Rt R0 12 a,,( ) (A10)

(A9)

We can now find the resulting macroscopic transport
coefficient K,

Koo = (ephkp + esks) — sﬂ(pcp)ﬁ(ufx)ﬂ. (A11)

We begin by determining (uf,)? and the result is simply

39 y
B_ g2 B _ 78
(ufy)" = e Pefu) H<1120 4O+A). (A12)

Thus, after substitution we finally obtain

17 v v
— 3p,2p | 2L 1B 1B
KYx —k” +{IﬁP€ k/;|:140 5 + 12

UL ‘Vﬁ)O‘tf(Sc)z} (A13)

12 g \ €8

where ky = (egkp+e5ks).

Appendix B

Solving the system of equations for temperatures
Ty and T, for a Dirac impulse of heat both in time
and space at the interface f—o of two semi-infinity
media

My _ 2T
ar gy
LA -
ar 7 9y?
along with the boundary conditions
Tg=T, aty=0 (B2)
T/{:O aty— — oo (B3)

T, =0 aty— —o0 (B4)

k/;aaﬂ = kU%Q&:o aty = 0 (BS)
y y

we get the total energy distribution

9 _ J (Pep)p
0 — ﬁ(\/(pcp)/;kp + \/(pcp)aka>
(B6)
[(pcp) .k
xexp(—4y_2> dy = e
opt \/(pcp)ﬁk/g + \/(pcp)gk,7
and
% — J+OO (pCP)rr
0 0 ﬁ(\/(pcp)ﬁkﬁ + \/(pcp)akg>
(B7)

Vv (Pep), Ko

2
y

X exp( — ) dy =
4oyt \/(pcp)ﬁk[g + \/(pcp)akg

This time-independent distribution gives the prob-
ability for a given particle located at the interface
to jump either into the f-phase or into the o-phase.

The same result may be obtained by solving a two-
dimensional problem with a point source at the f—o
interface.
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